Abstract. This paper presents a systematic discussion on the variational principles for the vibration of a piezoelectric body. It is shown that there exist four types of variational formulations depending on the internal energy, electric enthalpy, mechanical enthalpy, and enthalpy, respectively. The one depending on the internal energy is in a positive-definite form which immediately leads to a few important properties of the lowest resonant frequency.
1. Introduction. In classical elasticity, there are two types of variational principles for the free vibration of an elastic body. One is associated with potential energy, the other with complementary energy [1] [2] [3] , A variational formulation for the free vibration of a piezoelectric body is given in [4] , which is related to the electric enthalpy. In this paper, three other variational formulations are given for the free vibration of a piezoelectric body which are related to the internal energy, mechanical enthalpy, and enthalpy, respectively. The one depending on the electric enthalpy in [4] is presented in a more general form in this paper. These variational principles can be considered as generalizations of the corresponding variational formulations in classical elasticity. Because of the presence of the electric fields, there can be four generalizations for the two formulations in classical elasticity. They each have a different set of independent arguments, which allow different but equivalent formulations of the same eigenvalue problem. The variational principles are given without constraints. They can be reduced to various constraint variational principles. The constraint internal energy formulation is in a positive-definite form, which can be used to show a few properties of the lowest resonant frequency.
Then the eigenvalue problem for the resonance of a linear piezoelectric body is [5] Tjij = Pa>2ui inV' -Diti = 0 in V, -SU + j(uij + uj,i) = ° in E, + <f>j = 0 in V,
Dl + § §-=0 inr,
-«, = 0 on Su, Tjjfij = 0 on ST, -0 = 0 on ,
where ut is displacement, S:j strain, 7V stress, <f> electric potential, E{ electric field, Di electric displacement, p mass density, and u> resonant frequency. H = H{Stj, E() is the electric enthalpy function for the piezoelectric material. Since we are only considering linear materials, H and the corresponding linear constitutive relations assume the following form:
where the elastic moduli cjjkl, electric permitivity e( , and piezoelectric constants ejjk are material constants with the following symmetry properties: r,(«,)
To obtain the stationary conditions of n, with all its arguments as independent variables, we begin with Comparing (11) to (2), we have the following variational principle: the stationary condition of Hj gives the eigenvalue problem (2), with the stationary value of II, as 
then n, reduces to n, = 7i^-, ( 
which generates the following constitutive relations: 
which generates the following constitutive relations:
and let A3(a,, Tu ,<(>, E., 2.) = J i~Tji j a, + \pa,.a, + + 2E^dV
+ f Tjtnj at dS -f ^nrfdS, 
which is also an equivalent form of the original eigenvalue problem (2). The stationary condition of 114 gives the eigenvalue problem (37), with the stationary value of n4 as <y2 . If we choose admissible functions to satisfỹ Dj, ( = 0 inF, 
-0 = 0 on^.
This U formulation can be considered as another generalization of the potential energy formulation for the vibration problem in classical elasticity.
Finally, we note that from (33), (3), and (4) the internal energy can be expressed in a positive-definite form in terms of StJ and £ as follows: U = H + EiDi = 2CijktSijSkl ~ 2 EijEiEj ~ eijkEiSjk + EAeijEj + eijkSjk)
= 2C'jkl^ij^kl + 2eijEiEj '
Since the internal energy function V is positive definite, the constraint n4 is bounded from below. Therefore, the lowest resonant frequency must be a minimum. Following some standard arguments in variational analysis [6] , we have the following immediate properties. The lowest resonant frequency will increase if any of the following happens:
(i) Su increases; (ii) SD increases; (iii) p decreases; (iv) cijkl increases to c'ijkl such that (c'ijkl ~ cijki)aijaki > ® f°r anY nonzero symmetric aij; (v) E-j increases to e'tJ such that (e't] -£,J)bibj > 0 for any nonzero bi. Some of the above properties may be considered as generalizations of the corresponding properties in classical elasticity.
